Abstract: In this paper, we solve the scattering phase shift of a scalar field scattering in Reissner-Nordström spacetime. The scattering boundary condition is determined by analyzing the asymptotic solution of the confluent Heun function and the scattering wave function is solved by the integral equation method.
Introduction
Scalar scattering in the Reissner-Nordström spacetime is described by the scattering solution of the scalar equation under the Reissner-Nordström metric
The Reissner-Nordström spacetime is a charged spacetime with the charge Q and the mass M . Scattering in the Reissner-Nordström spacetime is long-range scattering. We need to first determine the scattering boundary condition of the Reissner-Nordström spacetime. Determining the scattering boundary condition for long-range scattering is often difficult, since for long-range scattering different scattering processes have different boundary conditions [1] [2] [3] [4] . As a contrast, the scattering boundary conditions for short-range scattering are the same, and the bound-state boundary conditions simply require that the wave function vanishes at the boundary. By rewriting the radial equation of the scalar equation in the Reissner-Nordström spacetime as a confluent Heun equation, based on the asymptotic behavior of the confluent Heun function, we determine the scattering boundary condition.
The tortoise coordinate of the Reissner-Nordström spacetime is used to rewrite the scalar equation. Under the tortoise coordinate, we construct the Green function of the radial equation, which is the key step in the method. By the Green function, we construct an integral equation for the scattering wave function. Solving the integral equation with the scattering boundary condition, we calculate the scattering phase shift.
Scattering in the Reissner-Nordström spacetime, including scalar field scattering [5, 6] , spinor field scattering [7] , and electromagnetic field scattering [8] is an important issue. Some methods are developed for the calculation of scattering on black holes, the Born approximation [9] , the integral equation method [10] , and the partial wave method [6] . Solving a scattering problem is just to solve the scattering solution of various field equations. Exact solutions play important roles, e.g., the scalar scattering in the Schwarzschild spacetime [11] and the Kerr-Newman spacetime [12] and the solution of the Regge-Wheeler equation and the Teukolsky radial equation [13] . Moreover, various kinds of fields, e.g., scalar [14] [15] [16] , spinor [17] , and vector fields [15, 18] scattered on various kinds of spacetime, e.g., the Kerr spacetime [16] , the dyonic black hole [11] , the deformed non-rotating spacetime [19] , and the arbitrary dimensional black holes [20] are studied. The scattering method is important in the calculation of the Hawking radiation, such as the Hawking radiation of the Reissner-Nordström-de Sitter black hole [21] and the Kerr-Newman black hole [22] , the spinor particle Hawking radiation [23, 24] , the Hawking radiation of acoustic black holes [25] , and the species problem in the Hawking radiation [26] . In particular, in this paper, we determine the scattering boundary condition by the property of the confluent Heun function. The Heun function are used in many physical problems, especially in exactly solving dynamical equations [4, [27] [28] [29] [30] [31] .
In section 2, we determine the scattering boundary condition by virtue of the asymptotic behavior of the confluent Heun function. In section 2.1, we solve the scattering wave function by the integral equation method and calculate the scattering phase shift. The conclusions are summarized in section 4.
Scattering boundary condition: Confluent Heun equation
In this section, we determine the scattering boundary condition by virtue of the asymptotic behavior of the confluent Heun function.
Radial equation
The Reissner-Nordström spacetime is spherically symmetric, so we only need to deal with the radial equation. The radial equation under the Reissner-Nordström metric (1.1) is
where R l (r) is the radial wave function, ω 2 is energy of the incident particle, and µ is the mass of the particle. The Reissner-Nordström spacetime has two horizons at
2)
The radial equation (2.1) can be rewritten by r + and r − as
where η 2 = ω 2 − µ 2 .
Asymptotics
For scattering, we only concern the large-distance asymptotic behavior of the radial equation. In the following, we consider the asymptotic equation of the radial equation. The radial equation, by the replacement
8)
can be rewritten as a confluent Heun equation:
The confluent Heun equation (2.10) has an asymptotic solution [32] y (z)
This gives an asymptotic solution of the radial equation (2.4):
For high energy scattering, µ/η ≪ 1, the asymptotics of the radial function can be written as
sin η r + (r + + r − ) ln r r + + r − − 1 + (r + + r − ) ln 2
Introducing R l (r) = u l (r) /r, we arrive at
14) where
Now we obtain the asymptotic solution. This requires that the asymptotics of the solution of the radial equation (2.1) should take the form of the asymptotics (2.14); that is, Eq. (2.14) is just the scattering boundary condition.
Scattering wave function: Integral equation
In this section, we construct an integral equation by the Green function for the scattering wave function and solve the scattering phase shift.
Tortoise coordinate for Reissner-Nordström spacetime
Introduce the tortoise coordinate for the Reissner-Nordström spacetime as
Rewrite the radial equation (2.1) under the tortoise coordinate r * ,
2) For scattering, we only consider the solution at r > r + .
Defining an effective potential
we rewrite Eq. (3.2) as
It can be seen that under the tortoise coordinate r * the radial equation (3.2) is a onedimensional stationary Schrödinger equation with the potential V eff l .
Green function and integral equation
Before solving the radial equation (3.4), we first solve a "free" solution with V eff l = 0:
Note that the solution of Eq. (3.5), u
l (r * ), is not a real free solution since the variable of the solution is the tortoise coordinate r * rather than the radial coordinate r.
The "free" equation (3.5) has two linearly independent solutions:
where the solution is outside the horizon, i.e., r + < r < ∞. By these two linearly independent "free" solutions, we can construct the Green function [33] :
The Green function should satisfy the continuity condition
This gives
Solving Eqs. (3.12) and (3.13) gives the coefficients
14)
Then we obtain the Green function
By the Green function, we can construct an integral equation for u l (r * ): 18) or,
This is an integral equation of u l (r).
Scattering phase shift
To determine the scattering wave function, all we need to do is to determine the scattering phase shift. In order to compare to the asymptotic solution (2.14), we seek for an asymptotic equation of the integral equation (3.19) . Rewriting the integral equation (3.19) as
Then taking r → ∞ gives the asymptotics
where 26) and
By the tortoise coordinate (3.1), Eq. (3.21) can be written as
The scattering phase shift can be obtained by comparing two asymptotic solutions, Eqs. (2.14) and (3.28) . Direct comparison gives
The scattering phase shift then reads
where φ = arctan The boundary condition requires that at the horizon r = r + with r + = M + M 2 − Q 2 = 0, we must have u l (0) = 0 so that the radial wave function is finite. Consequently, B = 0 and A is an arbitrary constant. Taking A = 1 gives the scattering phase shift
The zeroth-order phase shift is then 
Conclusions
In this paper, we present the scattering phase shift of scalar scattering in the ReissnerNordström spacetime. The asymptotic behavior of the confluent Heun function is used to determine the scattering boundary condition and the Green function method is used to solve the scattering wave function. The scattering phase shift also plays an important role in quantum field theory through the scattering spectral method [34] . The heat kernel method is another important method in quantum field theory [35] [36] [37] [38] [39] [40] . In virtue of the relation between the scattering spectral method and the heat kernel method [41, 42] , the result of the scattering phase shift can also be applied to the heat kernel theory in quantum field theory.
